Abstract. A locally C * -algebra is contractible iff it is topologically isomorphic to the topological cartesian product of a certain family of full matrix algebras.
of the proof are presented (Theorem 3.3). The new result cannot be taken either from the amended version of Taylor's result by A. Ya. Helemskii or from the result of Y. V. Selivanov, since an arbitrary locally C * -algebra is neither commutative nor Fréchet. Take for instance the topological cartesian product of an uncountable family of full matrix algebras (needless to say that at least one of them must be of size > 1). The latter algebra is always contractible. J. L. Taylor had noticed in 1972 ( [12, p. 181] ; for a proof see [11, Lemma 11] ) that a topological cartesian product of full matrix algebras is a contractible algebra.
Preliminaries
Throughout this paper we deal with complex associative algebras and Hausdorff topological spaces.
An lmc (locally m-convex) algebra is an algebra A endowed with a family of submultiplicative seminorms, i.e., with a family of seminorms {p} satisfying the property
p(ab) ≤ p(a)p(b), ∀ a, b ∈ A.
A complete lmc algebra is called Arens-Michael algebra [6, Definition I.2.4 ]. An Arens-Michael algebra A is called B-complete resp. Fréchet, whenever the underlying locally convex space of A is B-complete resp. Fréchet (see, e.g., [8, p. 183, 9.5 
]). Note that every Fréchet locally convex space is B-complete.
Now, a locally convex C * -algebra is an involutive algebra A equipped with a family {p} of C * -seminorms; e.g., each seminorm p fulfils the C * -property:
Due to Z. Sebestyén [10] each C * -seminorm p on an involutive algebra A is automatically submultiplicative and * -preserving (the latter means that p(a * ) = p(a), ∀ a ∈ A). Thus, each locally convex C * -algebra is an lmc algebra with continuous involution. A complete locally convex C * -algebra is called locally C * -algebra (Inoue [7] ). For the same concept various authors have used different terminology, such as, e.g., b * -algebra, LM C * -algebra, pro-C * -algebra, etc.; for detailed references see, for instance, [3, p. 321] .
In all the preceding cases, the family {p} of the seminorms is denoted by Γ and assumed to be saturated.
We briefly mention some examples of locally C * -algebras, which cannot be (normed) C * -algebras: (1) The algebra C N of all complex sequences with the cartesian product topology. 
A p is automatically complete [1, Theorem 2.4], hence a C * -algebra. In particular,
up to a topological isomorphism (cf. [6, 7, 9] ). By a topological isomorphism between two Arens-Michael algebras A, B we understand a continuous algebraic isomorphism from A onto B with continuous inverse. If A, B have the additional structure of an involution *, a topological * -isomorphism between them is a topological isomorphism ϕ which preserves involution, i.e., ϕ(a * ) = ϕ(a) * , ∀ a ∈ A. Now let (A, Γ = {p}) be an lmc algebra. A topological left A-module is a complete locally convex space X, such that X is a left A-module algebraically and the operation
is jointly continuous, when A × X carries the cartesian product topology (cf., for instance, [5, Definition 0.3.9] ). In the sequel, by A-module we shall always mean a topological left A-module in the preceding sense.
We recall that an lmc algebra (A, Γ = {p}) is said to be contractible iff A is biprojective and unital, that is A is unital and as an A-bimodule is projective (cf. [6, Assertion VII.1.72 and Definition VII.1.59]). Equivalently, we can say that A is contractible whenever all of its cohomological groups of positive dimension are trivial with all coefficients (see, e.g., [5, p. 406] ). It is easily seen that a full matrix algebra, say M n (n × n complex matrices), is a contractible C * -algebra.
Some remarks on contractibility
In the case of a commutative Banach algebra and/or of a C * -algebra, say A, A. Ya. Helemskii (1970) resp. Y. V. Selivanov (1978) characterized contractibility of A by any of the following statements, which in these particular cases are moreover all equivalent (cf. [6, p. From (1), contractibility of A accounts for the fact that A has global dimension zero, which in symbols is written by dgA = 0. From (3), contractibility of A is closely related to the "classical semisimplicity" (i.e., to Artin-Wedderburn theorem).
In general, it is known that if A is a Banach algebra, then: 
Main result
Let (A, Γ = {p}) be an Arens-Michael algebra and X an A-module. Let A⊗X be the completed projective tensor product of A, X. Then one very useful characterization of projectivity for X is given by claiming that the canonical (well defined) projection
is a retraction, i.e., π has a right inverse morphism of A-modules, say ρ [6, Theorem VII.1.11]. Proof. Let p ∈ Γ and let X be an A p -module. Then X is made into an A-module by defining
Since X is projective there is a right inverse, say ρ, for the canonical projection π (see (3.1)). If
where π p is the corresponding canonical map for A p⊗ X and ρ p := (τ p ⊗ id X ) • ρ. Taking into account that π p • (τ p ⊗ id X ) = π, it follows easily that ρ p is a right inverse morphism of A-modules for π p . (2) ⇒ (3) By Lemma 3.1 and Proposition 2.1 we conclude that each C * -algebra A p is contractible, therefore (Corollary 2.2) topologically * -isomorphic to the direct sum of a finite number of full matrix algebras, i.e.,
Corollary 3.2. Let (A, Γ = {p}) be a contractible locally
where M nν ≡ M nν (C) and F p is a finite index set. We now proceed to specify the index set F p by means of the structure space P rim(A p ) of the C * -algebra A p , consisting of the kernels of all non-zero irreducible * -representations of A p , p ∈ Γ. Since A p is of the form indicated above, each of its non-zero irreducible * -representations is equivalent to one of the projections
Therefore, P rim(A p ) consists of exactly ν elements, which are the kernels of the preceding projections σ ν , ν ∈ F p . So there is a (well-defined) correspondence
which is clearly a bijection. Hence the finite set F p is identified with the structure space P rim(A p ) of A p , p ∈ Γ. We now show that is a well-defined injection. Therefore,
Thus we may consider the preceding increasing, up to set-theoretical isomorphisms, family of the sets F p , p ∈ Γ, and take their corresponding direct limit, say Λ, i.e.,
The set Λ will serve as the index set of the topological cartesian product of the full matrix algebras we need. We shall prove that
with respect to a topological * -isomorphism. We already have the following topological * -identifications (see (1.1) and (3.2))
We must show that
up to a topological * -isomorphism.
Let F be the family of all finite subsets of Λ, directed by inclusion. An easy modification of a general result on topological spaces, which can be found, for instance, in [9, Lemma XII.2.1], shows that (3.5) up to a topological * -isomorphism. But the family {F p , p ∈ Γ} is a cofinal subset of
with respect to a topological * -isomorphism. So (3.4) follows from (3.5) and (3.6).
(3) ⇒ (1) This implication is derived from [11, Lemma 11] .
Let (A, Γ = {p}) be a locally C * -algebra and I a closed 2-sided ideal of A. Then I is a self-adjoint ideal and the quotient algebra A/I, endowed with the quotient C * -seminorms induced by the C * -seminorms p ∈ Γ, is a locally convex C * -algebra [7, Theorem 2.7] . In the case where A is either B-complete or Fréchet, then A/I is also complete [8, p. 
with respect to topological * -isomorphisms, where the finite sets F p , p ∈ Γ, F q , q ∈ Γ , as in the proof of Theorem 3.3, are specified by the structure spaces P rim(A p ), P rim(B q ) of the C * -algebras A p , B q resp. Thus the finite set F p × F q is now identified (up to a set-theoretical isomorphism) with the structure space Since Γ, Γ are saturated families of C * -seminorms, the same will be true for the family of the C * -seminorms defining α. So {F pq , (p, q) ∈ Γ × Γ } will be cofinal in 
